Raphson iterative scheme and the finite element method, which has been developed for computing the spatial distribution of Young's modulus from within soft tissues. Computer simulations were conducted to determine the relative merits of reconstructing tissue elasticity using knowledge of (a) known displacement boundary conditions (DBC), and (b) known stress boundary conditions (SBC). The results demonstrated that computing Young's modulus using knowledge of SBC allows accurate quantification of Young's modulus. However, the quality of the images produced using this reconstruction approach was dependent on the Young's modulus distribution assumed at the start of the reconstruction procedure. Computing Young's modulus from known DBC provided relative estimates of tissue elasticity which, despite the disadvantage of not being able to accurately quantify Young's modulus, formed images that were generally superior in quality to those produced using the known SBC, and were not affected by the trial solution.
Introduction
Malignant tumours are significantly stiffer and more immobile than surrounding healthy tissue. These properties form the basis of manual palpation, a technique which is routinely used for the subjective clinical assessment of tissue elasticity. Although the vast majority of breast tumours are identified using manual palpation, either by routine screening or by the patient herself, tumours can elude detection by manual palpation because of their size and/or location within the body. Unfortunately, none of the established medical imaging modalities such as magnetic resonance imaging or x-ray computed tomography can provide direct measure of tissue elasticity. Ultrasound due to its real-time and interactive nature is frequently used in breast examination as an extension of manual palpation. Bamber et al (1988) and Ueno et al (1988) have demonstrated that features related to tissue elasticity, such as 'compressibility' and 'mobility', may be qualitatively assessed by observing the motion of tissue structures on real-time ultrasound images whilst palpating the breast, either with the transducer or with the other hand. The psychophysics of lesion detection by this method, which we have called, differential motion imaging (DMI) is currently under study. Early results indicate that whilst human observers are surprisingly good at detecting large lesions they perform poorly at the task of grading tissue stiffness (Miller et al 1997) , thus emphasizing the need for pursuing a more quantitative approach to assessing tissue elasticity.
Several investigators have proposed ultrasonic techniques for imaging tissue elasticity (Lerner and Parker 1987 , Yamakoshi et al 1990 , O'Donnell et al 1994 , Bamber and Bush 1995 , Ophir et al 1996 . The general basis of these techniques is to estimate the spatial of distribution of an externally induced mechanical response (i.e. strain or displacement), which is displayed as grey-scale images to depict tissue elasticity. Unfortunately, the vast majority of ultrasonic elasticity imaging techniques are not suited for clinical applications that require quantitative measures of tissue elasticity, because images of externally induced mechanical response do not take account of how the stresses are distributed in the medium and therefore provide only approximate measures of tissue elasticity. Potential clinical examples where a quantitative assessment of tissue elasticity would be required may include monitoring the response of a tumour to therapy and the characterization of different tissue types.
The long-term objectives of our work are as follows: (a) to develop accurate reconstruction techniques which lead to either the absolute or a useful relative measurement of tissues elasticity, (b) to explore the possibilities of developing a clinically useful quantitative elasticity imaging system based on the freehand approach proposed by Bamber and Bush (1995) and (c) to improve the visualization and diagnosis of breast tumours by reduction of artefacts in elasticity images.
The aim of this paper is twofold. Firstly, to report on an initial evaluation of our reconstruction technique through a series of computer simulations and experimental studies conducted with simple and complex test objects. Secondly, to establish the relative merits of reconstructing tissue elasticity using knowledge of known stress and known displacement boundary conditions.
Reconstruction approaches
In this section we review the reconstruction approaches that have been proposed for imaging the Young's modulus distribution within soft tissue from an ultrasonically measured internal mechanical response. The spatial distribution of Young's modulus can be quantified using two approaches. A first approach involves converting strain images directly to Young's modulus images using an appropriate constitutive elasticity equation such as Hooke's law. However, accurate quantification of Young's modulus using this approach is feasible only if all components of the internal stress distribution are known. At present, this represents a major limitation because stress cannot be measured from within soft tissues. Images of internal tissue strain can be interpreted as Young's modulus images using the assumption of stress uniformity. This is, however, not true in practice because of stress decay and stress concentration. Ophir et al (1991) have demonstrated that artefacts such as 'target hardening' are produced when strain images are interpreted as Young's modulus images using the assumption of stress uniformity. Various analytical models have been proposed for predicting induced tissue stress to compensate for stress decay (Ophir et al 1991 , Ponnekanti et al 1992 . The weakness of this approaches is that stress-decay compensated elastograms (i.e. strain images) may still contain artefacts at internal tissue boundaries where stress concentration is known to occur. This is not surprising since stress-decay compensation techniques were developed using the assumptions that the tissue under investigation is homogeneous and semiinfinite, conditions rarely achieved in practice.
Several groups, including ours (Doyley et al 1996) , have sought to obtain better images by exploring the feasibility of reconstructing tissue elasticity within the framework of solving the inverse problem. The general idea is to compute Young's modulus by inverting the measured mechanical responses (i.e. strain or/and displacements) based on a theoretical representation of the forward elasticity problem. This reconstruction approach has the advantage of not requiring the quantification of the internal stress distribution since the forward elasticity problem can be formulated entirely in terms of the known variables (i.e. internal strain or displacement with appropriate external boundary conditions). However, inverting measured responses can in certain circumstances prove to be difficult due to instability problems. Skovoroda et al (1995) proposed three direct reconstruction approaches for quantifying tissue elasticity. In the first approach, they computed the relative Young's modulus on the boundary of a bound inclusion by processing strain images using a theoretical relation, which they derived using the principle of stress continuity. Alternatively, in the second approach, the relative Young's modulus of an unbounded inclusion was computed by inverting a finite difference representation of the forward elasticity problem (developed by previous authors) after the pressure terms appearing in the equations were analytically eliminated. The third method proposed by Skovoroda et al (1995) combines both the previous approaches to deal with the cases where inclusions are neither bound nor unbound. Although encouraging results for elastically homogeneous and inhomogeneous phantoms were produced using this hybrid reconstruction method, artefacts were observed in the reconstructed images, near the upper and lower boundary of the phantom. Raghavan and Yagle (1994) proposed a similar technique to that proposed by Skovoroda et al (1995) but they did not eliminate the pressure term from the finite difference equation before matrix inversion. The results of simulated experiments demonstrated that their technique was capable of recovering absolute values of Young's modulus in the presence of measurement noise. Furthermore, it was apparent from their results that accurate quantification of tissue elasticity using the direct inversion approach is feasible, providing the pressure term is not excluded during the inversion process. Unfortunately, the reconstruction approach proposed by Raghavan and Yagle (1994) cannot be employed in practice since, at present, hydrostatic pressure cannot be measured from within soft tissues. Sumi et al (1995) also proposed a direct inversion approach. Similarly to Skovoroda et al (1995) , they also eliminated the hydrostatic pressure term from the relationships describing the forward elasticity problem and subsequently computed only relative values of Young's modulus. They demonstrated, using analytically derived strain and displacement data, that it is possible to recover all the Young's modulus contrast when the reconstruction technique is applied to both components of the strain. Unfortunately, only a fraction of Young's modulus contrast was recovered when the technique was applied to a single component of strain.
An alternative approach to the direct inversion technique previously described is to minimize a criterion that measures the goodness of fit between computed and ultrasonically measured mechanical response (i.e. either strain or displacements). However, an iterative search procedure must be employed, since the solution cannot be expressed in closed form. This inverse method has successfully been applied in various disciplines such as electrical impedance tomography (Yorkey et al 1987) and microwave imaging . We have previously demonstrated (Doyley et al 1996) that by inverting the axial component of internal tissue strain using a finite element representation of the forward elasticity problem it is possible, even when using a simple unconstrained iterative algorithm, to recover Young's modulus contrast in the absence of measurement noise. Kallel and Bertrand (1996) , working independently from us, proposed a linear perturbation method which also employed the finite element method to solve the direct problem. They used a Newton Raphson iterative scheme and a Tikhanov regularization method to stabilize the reconstruction technique, particularly in the presence of noise. They demonstrated, using computer simulation, that 80% contrast transfer efficiency (defined as the ratio of the recovered elasticity contrast to the simulated elasticity contrast expressed as a percentage) was recovered when the reconstruction technique was applied to just axial component of displacements rather than employing both components of displacements.
It would appear that the iterative inverse methods have considerable potential for further development and application to elasticity imaging. For instance, unlike the direct methods, the performance of iterative inversion methods is only moderately compromised when reconstruction is performed using just the axial component of strain or displacements. However, the performance of iterative methods is known to deteriorate rapidly when measurement noise and/or modelling errors are significant. Further investigation should therefore be conducted to gain a better understanding of the behaviour of iterative approaches in this area of application. With this in mind, we have recently extended our reconstruction method, along the lines adopted by Kallel and Bertrand (1996) . The reconstruction problem in elasticity imaging is a full three-dimensional problem. Given, however, that in most reports of iterative methods to date the forward problem is usually formulated in two dimensions only, there is a need to carry out practical assessment of the performance of the method when applied to real three-dimensional media.
Theory and description of the reconstruction method

Two-dimensional finite element model
The iterative scheme for recovering the Young's modulus distribution was derived directly from the forward elasticity problem. For this implementation, the finite element method was chosen over other numerical techniques such as the finite difference method because of its flexibility in allowing the analysis of structures with complex geometries, inhomogeneity and boundary conditions.
For the purpose of this paper, soft tissue was modelled as a linear, isotropic, incompressible medium. The assumption of linearity is valid provided that the external deforming force produces negligible deformation (i.e. 1%) (Timoshenko and Goodier 1970, Saada 1989) . The three-dimensional elasticity problem was reduced to two dimensions using the planestrain approximation. The Galerkin finite element representation of the governing elasticity equations was derived using the three-step approach described by Reddy (1993) , which is given in matrix form by
where [K] is the global stiffness matrix, {F } is the global force vector, and {U } is the nodal displacement vector, which contains both x and y components of displacement, i.e.
{U } ≡ {X
where the superscript T stands for transpose. Since [K] is generally sparse (i.e. a large proportion of the matrix away from the main diagonal is zero) a banded storage technique was employed to reduce the computational overhead. The rank of the matrix is 2N , due to the two degrees of freedom at each node, where N is the total number of nodes in the mesh.
All internal forces such as gravity were neglected for all problems studied in this paper when required in the design of our study. Stress boundary conditions were imposed on equation (1) using the technique described by Reddy (1993) . However, for imposing displacement boundary conditions we have developed a more generalized approach than that recommended by Reddy (1993) . To illustrate our technique, consider a hypothetical case in which the displacement of node j in the x-direction is assigned a value u j . First, the global stiffness matrix, [K] , is modified by setting all the coefficients in the [2j − 1]th row to zero except the diagonal term which is set to one. Secondly, the [2j − 1]th term in the global force vector, {F }, is replaced by u j . Similarly, if the displacement in the y-direction is specified at node j the process is the same except that the index 2j is used instead of 2j − 1, and v j instead of u j .
Once the boundary conditions were imposed, equation (1) was solved directly using the LU decomposition method described by Press et al (1995) .
Modified Newton Raphson iterative scheme
The general basis of our reconstruction technique is to minimize the squared error between the measured and the calculated displacements. The error function used to compute the goodness of fit between the measured and calculated displacements is given by
where {U } and {U {E}} represents the measured and calculated displacements, respectively. Differentiating equation (3) with respect to the Young's modulus distribution {E} gives
Since there is a nonlinear relationship between Young's modulus and displacement, the forward model is linearized by expanding equation (1) about an arbitrary Young's modulus distribution, {E 0 } using a truncated Taylor series to give
where { E} is the Young's modulus residual (i.e. the difference between the true and trial Young's modulus distribution), and {U 0 } is the true displacement. Substituting equation (5) into equation (4) and setting the resulting equation to zero gives
where the vector { U } represents the residual between the measured and estimated displacements at each nodal point, and the Jacobian matrix, [J] , represents the derivative of equation (1) with respect to the Young's modulus of elements in the mesh, i.e.
[J] = ∂U {E}/∂{E 0 }. The normal equation, which describes the least squared problem (Press et al 1995) is formulated by multiplying both sides of equation (6) by the transpose of the Jacobian to give
A new trial solution is generated at each iterate by first solving for { E} in equation (7) then updating the Young's modulus values as follows:
where the superscript refers to the iteration number. Because the Hessian (i.e. the matrix on the left-hand side of equation (7)) was ill-posed and ill-conditioned, equation (7) was solved using the Marquardt method (Marquardt 1963) . Reconstruction begins using the assumption (i.e. the trial solution) that the tissue under investigation is elastically homogeneous. Once the trial solution has been constructed the reconstruction procedure can be summarized in the following steps:
(a) Compute the displacements at each node in the finite element mesh based on the current Young's modulus distribution, {E}, by solving equation (1).
(b) Compute the displacement residual vector, { U }, by subtracting the calculated displacements from the measured displacements at each nodal point. (c) Compute the displacement error, ({E}), between the computed and ultrasonically measured tissue displacements. (d) Construct the Jacobian matrix, [J], using the method described by Kallel and Bertrand (1996) . (e) Compute the Young's modulus perturbation vector, { E}, by solving equation (7) using the Marquardt method. (f) Update the values of {E}, at the (i + 1)th iteration based on { E} using equation (8).
(g) Repeat steps (a) to (f) multiple times until a suitable stopping criterion is reached.
Note that solving for { E} in step (e) using the Marquardt method involved scaling both the Hessian matrix and the right-hand side of equation (7), then adding a positive definite scalar, λ, which we have called the Marquardt parameter, to the diagonal of the scaled Hessian. This has the net effect of forcing the reconstruction technique to converge to a stable solution. Because of this feature, i.e. weighting the diagonal of the Hessian, the Marquardt method is sometimes perceived as a regularization method (Woo et al 1993 .
Spatial filter
Decorrelation and random errors are the primary sources of measurement noise encountered in elastography. Decorrelation noise occurs as a result of the three-dimensional displacement of the underlying tissue structures when the soft tissue under investigation is deformed. This has the net effect of corrupting the post-deformed signature of the echo signal relative to the pre-deformed echo signal and thus limiting the maximum strain which can be applied. It is important to realize that in addition to the magnitude of the local tissue strain, decorrelation noise is also highly dependent on the characteristics of the ultrasound scanner (i.e. centre frequency, pulse length, etc) and the elastographic signal processing methodology. On the other hand random errors dominate in a situation of low internal strain and originate from quantization errors that occur during digitization and inherent electronic noise. We have observed from experiments conducted using computer simulations that that the performance of the reconstruction technique is severely compromised when displacement measurement errors are significant. Therefore, if quantitative elastography is to be clinically useful, methods have to be developed to circumvent this problem. One approach to solving this problem is of course to improve the displacement measurement method. There will, however, be a limit to how much improvement is possible in this respect. In addition, it may be possible to alter the reconstruction method to render it less sensitive to noisy input data. Consequently, we have recently developed a technique based on the noise reduction method proposed by Meaney (1995) to minimize the effect of displacement measurement noise on the quality of reconstructed Young's modulus images. The general idea is to filter the Young's modulus updates at each iteration by computing the weighted average of each element in the finite mesh and the neighbouring elements.
To illustrate the technique, consider an isolated element A, and its neighbouring elements (figure 1). At the Kth iteration, the Young's modulus at element A is filtered as follows where the superscripts old and new represents the unfiltered and the filtered Young's modulus value respectively, θ is a value between 0 and 1 which controls the filtering weight and N is the number of neighbouring elements (i.e. the spatial range of the filter, in this case 14).
It is important to realize that the spatial range of the filter is significantly reduced at the edges because of the manner in which the filter is constructed. As a result of this there are likely to be some edge effects because of inadequate filtering. Since equation (9) is a linear operation, it can be rewritten in matrix form as follows
where the filtering matrix [F] is sparse. Because the filtering matrix depends solely on θ , it only need be constructed once prior to the iterative process, with the filtering at each iteration being accomplished by a simple matrix-vector multiplication. Figure 2 illustrates examples of Young's modulus images of a simulated phantom containing a single hard inclusion. These images were produced by applying the modified reconstruction technique to noisy axial displacement estimates, generated by applying a one-dimensional normalized cross-correlation tracking technique to pre-and post-deformed simulated radio-frequency (RF) ultrasound images. The simulation model that was used to generate the RF images will be described in section 4. For the purpose of this demonstration, reconstruction was performed using three arbitrary filtering weights (i.e. 0.2, 0.4 and 0.6). There is an apparent rippling in the reconstructed image produced when the spatial filter was not incorporated in the reconstruction procedure. We believed that this occurs as a result of the amplification of cyclic displacement errors associated with the parabolic fitting procedure, which was used in the correlation tracking procedure to estimate subsample displacement estimations. Nevertheless, it is interesting to note that the spatial filter suppresses this noise amplification.
Computer implementation
A Fortran 77 program was written to carry out the computations described in the previous section and complied on a Pentium TM based computer operating at 166 MHz under the Windows 95 TM operating system. 
Materials and methods
Computer simulations
The Newton Raphson method is generally sensitive to starting conditions. Thus, a poor initial guess of the Young's modulus distribution could affect the rate at which the technique converges. Furthermore, if the objective function contains multiple minima and if poor starting conditions are employed, there is an increased risk of converging to the wrong solution (local minima) rather than the true solution (global minima). Therefore, we designed a study to assess the effect of trial solution on the reconstructed image. Furthermore, two alternative start points were studied for their relative benefits; known stress (SBC) and known displacement boundary conditions (DBC).
Forward displacement computation.
The two-dimensional finite element mesh shown in figure 3 consisting of 800 triangular elements and 441 nodes was used to represent a 100 mm by 100 mm homogeneous background region of tissue containing a 10 mm diameter circular inclusion. In all experiments, the Young's modulus of the background was fixed to 20 kPa, whereas the Young's modulus in the inclusion was varied to give the desired elasticity contrast. The Poisson's ratio of both regions was fixed at 0.495. These elasticity properties were chosen to be representative of normal breast tissues.
Constraining the nodes on the lower boundary from moving in the y-direction, while allowing them to move freely in the x-direction, simulated perfect slip boundary conduction. The nodes at point (1,1), shown in figure 3, was constrained in both x-and y-coordinate directions to prevent bulk translational motion. Motion was induced in the simulated phantom either by applying a uniformly distributed stress (300 Pa) or by assigning a prescribed displacement (1 mm) in the y-direction to the nodes on the upper boundary of the mesh. In both cases, the resulting displacement vectors at each node in the FE mesh were computed by solving equation (1).
Synthesizing RF images.
Pre-and post-deformed radio-frequency (RF) ultrasonic echo images were synthesized using a simulation model that predicts the displacement of ultrasound echoes when a tissue of known elasticity and acoustic properties is deformed, using a six-step procedure. First, internal tissue displacements were computed by solving a finite element formulation of the forward elasticity problem. Second, the displacements were interpolated to a finer mesh using the linear basis function used in the forward displacement computation. Third, a matrix of bulk compressibility values, representing the tissue structure responsible for scattering ultrasound, was synthesized using the inhomogeneous continuum model proposed by Bamber and Dickinson (1980) . Fourth, the interpolated displacements were used to spatially distort the matrix of compressibility values to produce the scattering structures of the postdeformed tissue. Fifth, the bulk compressibility matrices were differentiated twice to produce the backscattering impulses. Finally, convoluting the appropriate backscattering impulse responses with the RF point spread function (PSF) of the simulated transducer generated pre-and post-deformed radio-frequency (RF) images. A flow chart which summarizes the general principle of the simulation model is given in figure 4 . For the purpose of this paper, the ultrasound imaging system was assumed to have a linear, separable, spatially invariant PSF, which was modelled using a 5 MHz cosine modulated Gaussian pulse, which had a pulse length of 0.87 µs and a Gaussian beam width of 1.3 mm. These imaging parameters were chosen to be representative of the Acuson 128XP commercial ultrasound scanner, on which our experimental elastography system was based. The sonographic signal-to-noise ratio of the simulated ultrasound imaging system was set at 40 dB. This was typical of the signal-to-noise ratio measured in practice at a medium depth in clinical breast examinations. Otherwise, the acoustic scattering medium was assumed to be ultrasonically lossless. The RF echo signals were sampled by the pixels at an effective rate of 40 MHz, and the post-deformed echo signal was globally companded using a model-based approach. A method for enhancing strain signal-to-noise ratio by undistorting the post-deformed echo signals was used prior to displacement estimation (Chaturvedi et al 1998a) .
Displacement estimation.
Axial tissue displacements were estimated by applying a normalized cross-correlation speckle tracking method (Bohs and Trahey 1991 , Chen et al 1994 , Foster et al 1990 to the pre-deformed and the globally companded post-deformed RF echo signals using 1 mm long overlapping (50%) kernels. Figure 5(B) shows the noisy axial displacement distribution produced by processing the simulated RF images obtained from the simulated phantom. For the purpose of comparison, the ideal displacement estimates computed using the finite element method are shown in figure 5(A) .
Young's modulus estimation.
Young's modulus images were computed from the axial component of displacement distribution with 10 different trial values of a uniform Young's modulus distribution ranging from 4 to 40 kPa. For the purpose of this study an initial value of 10 −3 was assign to λ at the start of all reconstructions. Reconstruction was terminated either after 20 iterations or if the ratio of the displacement field error at a given iteration to that at the start (i.e. the cost ratio) was less than 10 −20 . No spatial filtering was employed in this part of the investigation.
4.1.5. Performance measures. Performance was assessed using three different criteria: (a) qualitatively by viewing the images; (b) quantitatively by examining the contrast-to-noise ratio of the reconstructed images; (c) examining the accuracy of the computed Young's modulus images. The contrast-to-noise ratio of the reconstructed images was calculated as follows (Chaturvedi et al 1998b) :
whereĒ L andĒ B represent the mean Young's modulus in the inclusion and the background tissue, while σ 2 L and σ 2 B represent the variance in the corresponding tissue. The accuracy and convergence behaviour of the technique was also assessed. Accuracy was defined as the normalized RMS error between the reconstructed and the exact Young's modulus distribution, i.e.
where E m and E t represent the measured and the true Young's modulus values respectively, and N represents the total number of elements in the finite element mesh (i.e. the total number of unknowns).
Experimental study
The primary aim of this part of the study was to assess the ability of the reconstruction technique to recover Young's modulus contrast and geometrical properties, such as lesion size, under practical experimental conditions. A secondary aim was to establish, using simple and more complex phantoms, if any new artefacts are introduced by the reconstruction technique.
Phantoms.
Two 70 mm (axial) by 70 mm (lateral) by 90 mm (elevational) elastically inhomogeneous phantoms were constructed from porcine skin powdered gelatine (Type A, approximately 175 bloom, Sigma Chemical Co., St Louis, USA). The first phantom contained a single 15 mm diameter by 90 mm long cylindrical gelatine inclusion, which was made from 24% by weight gelatine concentration. The second phantom contained three 90 mm long cylindrical gelatine inclusions with two having diameters of 10 mm and the third a diameter of 15 mm. The two small inclusions were made from 20% by weight gelatine concentration, while the larger inclusion was made from 12% by weight gelatine concentration. The background tissue in both phantoms was made from 6% by weight gelatine concentration. Polyethylene granules (∼119 µm mean diameter) were added to the inclusion and the background tissue in both phantoms to provide an equal number of acoustic scattering centres per unit volume.
Elastographic measurements.
Elastographic imaging was performed using the experimental elastography system shown in figure 6 . Consisting of an Acuson 128XP (150 mm 2 ) was secured to the elevating stage to form a compressor, which had a step precision of 1 µm. This was used to compress the tissue under investigation against a rigid top plate. An Acuson L7 linear transducer array was fitted to the top plate through a window in the top plate that had been cut to be a close fit to the imaging transducer.
The lower and upper surfaces of both phantoms were thoroughly lubricated with corn oil in order to simulate perfect slip boundary condition. Each phantom was placed between two compression plates and deformed by a total of 2% of their original length, in steps of 0.2%. Both phantoms were constrained using a U-shaped clamp in the in-plane lateral direction to reduce lateral decorrelation effects.
Pre-and post-compressed radio-frequency (RF) ultrasound images were collected from a 70 mm (deep) by 38 mm (wide) region of interest using a 5 MHz Acuson (L7) linear transducer array. For the purpose of this study, the Acuson 128XP scanner was set to operate with dynamic receive focus and a single transmit focal zone that was centred at 35 mm (approximately the centre of the phantom). All data were digitized to 10 bits at a sampling frequency of 20 MHz using a MV-1000 frame grabber (Mu-tech Corporation, 85 Rangeway Road, Billerica, MA, USA) and stored on a 166 MHz Pentium based personal computer for further processing.
Displacement and Young's modulus imaging.
Axial displacements were estimated by processing consecutive pairs of RF images using a two-dimensional cross-correlation tracking algorithm, with a 0.75 mm by 2.9 mm moving kernel, which was allowed to overlap by 50% in both directions. The axial displacements, estimated between each pair of images, were summed to produce a composite displacement image. 
Reconstruction.
The isonified region was represented by a 70 mm long by 38 mm wide finite element model, that contained 961 nodes and 1800 elements. The reconstruction process was terminated when either (a) the maximum number of iterations exceeded 20, (b) the RMS displacement error was less than 10 −8 , or (c) the change in the RMS Young's modulus error between any two iterations was less than 10. All reconstructions were conducted using a homogeneous trial solution that had a Young's modulus of 20 kPa. The spatial filtering weight was set to 0.2, as determined by the computer simulation, while the Marquardt parameter was set to 10 −3 at the start of all reconstructions.
Results
Computer simulations
In figure 7 , the mean Young's modulus recovered in the inclusion and the background matrix is plotted as a function of Young's modulus distribution used at the start of the reconstruction. The contrast to noise ratio of the Young's modulus images produced when reconstruction was performed using knowledge of known stress boundary conditions (squares), and known displacement boundary conditions (circles). (B) The normalized RMS Young's modulus error of the recovered images when reconstruction was performed using knowledge of known stress boundary conditions (squares), and known displacement boundary conditions (circles).
Note that trial solution had little effect on the Young's modulus recovered in both regions when reconstruction was performed using knowledge of known SBC (figure 7(A)). However, the Young's modulus in both regions increased linearly with increasing value of the trial solution in the cases where reconstruction was performed using knowledge of known displacement boundary conditions ( figure 7(B) ). Nevertheless, the correct elasticity contrast was achieved in all cases and was not affected by the trial solution. In figure 8(A) , the contrast to noise ratio of the reconstructed images has been plotted as a function of the trial solution. It is apparent that a better contrast to noise ratio was achieved when the reconstruction was performed using knowledge of known displacement boundary conditions. Furthermore, for known displacement boundary conditions the result is independent of the values of the trial solution.
The normalized Young's modulus error is plotted as a function of the trial solution in figure 8(B) . Notice that the RMS Young's modulus error remains relatively low and constant with increasing value of the trial solution when the reconstruction is performed using knowledge of stress boundary conditions. The reconstruction technique generally produced substantial bias for suboptimal trial solutions when Young's modulus was computed using knowledge of known displacement boundary conditions. Figure 9 show examples of the sonogram obtained from both phantoms in the pre-deformed state, demonstrating that the inclusion are not discernible in sonograms. However, they are highly visible in both axial strain and displacement images (figures 10 and 11). The strain images shown in figures 10(B) and 11(B) were generated by applying a least square strain estimator (Kallel and Ophir 1997) to the axial displacement images shown in figures 10(A) and 11(A) respectively, using a 10-point moving kernel. Figure 12 shows the reconstructed Young's modulus image for the two phantoms. Relative to the strain images, the reconstructed modulus images appear to show substantial improvement in quality through reduction of artefacts. The characteristic bright bi-directional shadowing due to stress concentration at the tissue interface is apparent in figure 11 (B) but is not present in the reconstructed Young's modulus images. However, from these images it also appears that the reconstruction method does introduce new artefacts. For the case of the simple phantom, Young's modulus contrast and lesion size were calculated from the mean of 36 radial profiles, which passed through the centre of the lesion in figure 12(A) . In figure 13 , the resulting mean and standard deviation of the relative Young's modulus profile is plotted. From this analysis it would appear that the reconstructed technique overestimates the elasticity contrast by 25%. The elasticity contrast of the phantom was deduced using the assumption that Young's modulus of the gelatine solution used to manufacture the inclusion and the background tissue is proportional to the square root of gelatine concentration. The size of the recovered inclusion was measured using a full-width half-maximum criterion, from which it would appear that the recovered inclusion was 33% larger than the true inclusion size. We believe that this undesirable effect is likely to be due to an incorrect choice of the filtering weight that has the effect of blurring the Young's modulus distribution, which in turn has the effect of accentuating the lesion size. Experiments are currently being conducted to investigate this phenomenon further.
Phantom study
Discussion
It would appear from the results of the computer simulations that the two reconstruction approaches, based on either displacement or stress boundary conditions, possess complementary merits.
Reconstructing tissue elasticity using knowledge of known displacement boundary conditions produces superior images in terms of both spatial and contrast resolution compared with those produced using knowledge of known stress boundary conditions. Furthermore, the results from known displacement boundary conditions are not dependent on the trial solution. This reconstruction approach is, however, not intrinsically quantitative since the correct mean values for Young's modulus were not obtained. The stress boundary condition technique does appear to be a quantitative imaging method capable of proving the correct mean values of Young's modulus irrespective of starting conditions; however, this is its primary merit.
A logical consequence of these observations is that a hybrid reconstruction technique is desirable to combine the best features of both techniques. An alternative, that may be possible in certain circumstances, would be to reference the images recovered using knowledge of known displacement boundary conditions to a section of tissue within the domain of known Young's modulus. Figure 7 (A) suggests that such information might then be used to calibrate the recovered image to yield absolute Young's modulus values for the remaining structures. It may be that some tissue types, that are identifiable for anatomical reasons (in either the elasticity or the corresponding echo images), having a Young's modulus with sufficiently small biological variability to make this possible. However, this will not be known until more data have become available from either in vitro or in vivo measurements of Young's modulus over a range of tissue types. In general the reasons why accurate absolute Young's modulus values could only be recovered from a situation of known stress can be understood more easily through a simple one-dimensional example provided in the appendix. Thus, this behaviour is not likely to be specific to this reconstruction method.
Conclusions
We have developed an improved inverse reconstruction technique for computing the spatial distribution of tissue elasticity (Young's modulus). This employs spatial filtering during the iterative procedure that was shown to improve stability and reduce noise in the reconstructed image. Using computer simulation we were able to demonstrate that reconstruction based on knowledge of the displacement boundary conditions produces modulus images that are superior, in terms of spatial and contrast resolution, to those produced when only the stress boundary conditions are known. The latter methods, however, provides a quantitative method capable in principle of measuring Young's modulus in vivo, whereas the former does not. A hybrid approach combining the complementary merits of both methods seems appropriate for future work.
It was also shown, through experiments on phantoms, that it is possible to create Young's modulus images that possess high spatial and contrast resolution and that more faithfully represent the object image, with fewer artefacts, than equivalent axial strain images. These findings are sufficiently encouraging to warrant both further development and clinical evaluation of the reconstruction method.
In this section we consider only the inverse problem for the model, which contained two discrete materials, illustrated in figure A1 .
For the first case we assume that displacement is measured over the entire length of the model and that E 1 , E 2 , and s 1 are the only unknowns. In the regions 0 Thus given the measured displacements, with no stress information, we can only deduce the ratio of Young's modulus within the two regions. One-dimensional elasticity model containing two discrete materials, which is deformed against a rigid boundary either by applying a known stress (σ s ) or a known displacement (U s ).
On the other hand, if the stress at x = s 2 (i.e. σ s ) is known and that stress through the material is constant (from equation (A.1)) we can deduce the exact values of E 1 and E 2 by the following relationships: It should be noted that in practice this is unlikely to be the case because of stress decay. Artefacts such as target hardening, which is described by Ophir et al (1991) , will generally be produced when strain images are converted to Young's modulus images using the assumption of stress uniformity.
